Linear Algebra in Olympiad Maths

Krzysztof Karwik, Jakub Pieczonka

1. Fundaments and Definitions

In linear algebra, a vector is an ordered list of numbers that represents a quantity with both
magnitude and direction. Vectors are often written in the form:

vy
vy

where each v; is a component of the vector v.

Vector Space

A vector space V over a field F (such as the field of real numbers R or complex num-
bers C) is a set of vectors that satisfies certain properties under vector addition and scalar
multiplication. For any vectors u,v € V and any scalar ¢ € I, the following properties hold:

1. Closure under addition: u+v e V.

2. Closure under scalar multiplication: cu € V.

3. Commutativity: u+v =v + u.
4. Associativity of addition: u+ (v+w) = (u+v) + w.
5. Existence of an additive identity: There exists a zero vector 0 € V such that

v+0=viorallveV.

6. Existence of additive inverses: For each v € V, there exists a vector —v such that
v+ (—v)=0.

7. Associativity of scalar multiplication: a(bv) = (ab)v.

8. Distributive properties: a(u+ v) = au+ av and (a + b)v = av + bv.

Here are some examples of vector spaces to help you get the hang of them:

Example. The Space R?: (this is a very intuitive example) The set of all ordered pairs R? =
{(z,y) |z,y € R} is a vector space over R. For any two vectors u = (u1,u2) and v = (v1,v2) in R?,
addition is defined as:

u+v = (ug +v1,us + va),

and for a scalar ¢ € R, scalar multiplication is defined as:
c-u=(c-uy,c-uz).

It is easy to see that this satisfies all the vector space axioms. On the other hand, here is a much
less intuitive example.

Example. The Space of Polynomials P»: The set of all polynomials of degree at most 2, denoted
Py = {a+bx+cx?|a,b,c € R}, is a vector space. Addition and scalar multiplication are defined by

1/11



combining like terms and distributing scalars, respectively. For example, if p(x) = 2 + 3z + 2% and
q(r) = —1 + 4z + 222, then:

p(@)+qx)=2-1)+B+Dz+ (1+2)2> =1+ Tz + 32°.

Polynomials are going to be a recurring theme for this handout so it’s worth to convince yourself
that this is in fact a vector space.

Linear Independence

A set of vectors {vy,va,...,Vvi} in a vector space V is said to be linearly independent if
the only solution to the equation

c1vi+covg + -4 cpve =0

iscp = ¢y = --- = ¢, = 0. In other words, no vector in the set can be written as a linear
combination of the others. If there exists any other solution, the vectors are said to be linearly
dependent.

Here are a few examples of linearly independent (or dependent) vectors:

Example. The vectors vi = (1,0) and vo = (0,1) in R? are linearly independent because the only
solution to a;(1,0) + a2(0,1) = (0,0) is a; = 0 and as = 0. Neither vector can be written as a scalar
multiple of the other.

Example. In P»: In the space of polynomials Ps, the set {1, x, 22} is linearly independent. To show
this, consider the equation:
a-1+b-z+c-22=0.

Since this must hold for all values of z, we have a = 0, b = 0, and ¢ = 0 as the only solution, which
confirms the linear independence of {1, z, z%}.

Example. Dependent Set Example: The vectors {(1,1),(2,2)} in R? are not linearly independent
because (2,2) = 2- (1,1); hence, they are linearly dependent.

Dot Product

The dot product (or scalar product) of two vectors is an algebraic operation that takes two

Ui U1

('5) U2
equal-length vectors and returns a single number. For two vectorsu= | . [ andv=| _ |,

Up, Un,

the dot product is defined as:

n
u-v=(u,v)=uv +uge + -+ + upv, = E Ui V;.
=1

Here are the most important properties of the dot product:
e Commutativity: u-v=v-u.

e Distributive Property: u- (v+w)=u-v+u-w.
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2. More Properties of Vector Spaces

Basis of a Vector Space

A basis of a vector space V is a set of vectors that satisfies two key conditions:

1. Spanning: The basis vectors span the vector space, meaning any vector in V' can be
expressed as a linear combination of the basis vectors.

2. Linear Independence: The basis vectors are linearly independent, which implies that
no vector in the basis can be written as a linear combination of the others.

More formally, a set of vectors {vq,va,...,v,} in a vector space V is a basis if every vector v € V
can be uniquely represented as:

V =a1Vy+asve + -+ apVp,

where a1, as,...,a, are scalars. The vectors in a basis provide the ”building blocks” for all vectors
in the space.

Example. Standard Basis in R3: In three-dimensional space, R?, a common basis is the set:
{e1 =(1,0,0), e3 = (0,1,0), e3 = (0,0,1)}.
This set is known as the standard basis for R3. Any vector v = (z,y, z) in R? can be expressed as:
vV = ze; + yes + zes.
Example. Polynomial Basis: For the vector space P, of polynomials of degree at most 2, the set:
{1,2,2%}
is a basis. Any polynomial p(z) = a + bx + cz? in P, can be written as:

p(x)=a-1+b-z+c- 2°

We will now be relying on the following.

Theorem

All bases of a vector space V have the same cardinality.

L
Dimension of a Vector Space

The dimension of a vector space V is the number of vectors in any basis of V. Since all bases
of a vector space have the same number of elements, dimension is well-defined. If a vector
space V has a basis with n vectors, we say that V is n-dimensional, denoted as dim(V') = n.

Example. Dimension of R?: The vector space R? has dimension 3, as its standard basis {e;, es,es}
contains three vectors.

Example. Dimension of P5: The vector space P of polynomials of degree at most 2 has dimension
3, with the basis {1, z, 2?}.

Now we introduce a theorem that will be the fundament of all solutions that involve dimensions.

Steinitz Exchange Lemma

Let N be a set of vectors spanning a vector space V and M be a set of linearly independent
vectors in V. Then the following inequality holds

|M| < [N
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Proof. Suppose N = {vy,...,v,} and M = {u;,us,...,u,,}. Then V = span{vy,...,v,}. By way
of contradiction assume m > n. Moreover,

u; =ai1vy +agve +--- +apvy

for some scalars a;. As u; # 0 so not all of the a; are zero, say without loss of generality a; # 0.
Then V = span{uy, va, vs, ..., Vv, }. Hence, write uy = bju; + cave + ¢c3vs + - - - + ¢, v,,. Then some
¢i # 0 because {uy,us} is independent; so, as before, V' = span{u;, us, vs, ..., v,}. This procedure
continues until all the vectors v; are replaced by the vectors uj,us,...,u,. In particular, because
m > n, we get

V = span{uj,uz,...,u,}

But then u,41 is a linear combination of uj,uo,...,u,, contrary to the independence of the u;.
Hence, the assumption m > n cannot be valid, som <n O

Exercise. Using the Steinitz Exchange Lemma prove that every two bases of a vector space V' have
the same cardinality.

Assuming additionally that IV is the basis of V' we get the following.

If M is a set of linearly independent vectors in a vector space V' then

|M| < dim(V)

3. Applications in Problems Involving Sets

Sets as Vectors over Z,

Let us consider problems of the following type: we have a family of sets and certain information
about the parity of the sizes of these sets and their intersections; we want to estimate their quantity.
A subset A C [n] can be identified with a vector v € F™, which has 1 in the -th coordinate if
i € A, and 0 otherwise. If parity is relevant, a good choice of field F could be Z,. Notice that if
A ~ v and B ~ w, then (v,w) = |AN B| (the equalities hold in the field over which the vectors
are considered), so assumptions about the sizes of sets and their intersections translate well into
the language of linear algebra. For example, proving that there are at most n sets satisfying certain
properties reduces to showing the linear independence of the corresponding system of vectors.

Problem 1. Let sets Ay, ..., A, be subsets of the set [n], such that |A;| is an odd number for each
i, and |A;NA;| is an even number for any ¢ # j. Find the maximum possible value of m as a function
of n.

Problem 2. Let n be an odd number, and let sets Ay, ..., A, be subsets of the set [n], such that
|A;| is an even number for each 4, and |4; N A;| is an odd number for any ¢ # j. Find the maximum
possible value of m as a function of n.

Problem 3. Let n be an even number, and let sets Ay, ..., A, be subsets of the set [n], such that
|A;| is an even number for each i, and |4; N A;| is an odd number for any ¢ # j. Find the maximum
possible value of m as a function of n.

Problem 4. Let sets A, ..., A, be pairwise distinct subsets of the set [n], such that |A; N A;] is
an even number for any i,j (including the case ¢ = j). Find the maximum possible value of m as a
function of n.

Sets as Vectors over R

If we do not have any information about parity, then Z, is not the most useful field. If there is no
indication otherwise, then the field Z,, for some prime number p would not bring anything interesting
to the problem, so it is easiest to consider vectors and matrices over the field R, which is the most
intuitive.
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Problem 5. Students in a school go for ice cream in groups of at least two. After k& > 1 groups
have gone, every two students have gone together exactly once. Prove that the number of students
in the school is at most k.

Problem 6. Let 1 < k < n. Let sets Ay,..., A, be pairwise distinct subsets of the set [n], such
that |A; N A;| = k for any i # j. Prove that m < n.

Problem 7. Let Ay, Ay, ..., Ayy1 be non-empty subsets of {1,2,...,n}. Prove that there exists
nonempty disjoint subsets I,J C {1,2,...,n + 1} such that

U 4k = 4

kel keJ

Problem 8. Let Ay, Ay, ..., A,t2 be non-empty subsets of {1,2,...,n}. Prove that there exists
nonempty disjoint subsets I,J C {1,2,...,n + 2} such that

UAk: UAk’ and mAk:mAk

kel keJ kel keJ

Problem 9. Let sets Ay, ..., A,, be subsets of the set [n], such that there is no two-coloring of the
elements of [n] in which each set A; contains elements of both colors, but after removing any one of
the sets A;, such a coloring exists. Prove that m > n/, where n’ = ||J;~, A;|.

4. A Word or Two on Multivariate Polynomials

All of the techniques and tricks shown above can also be applied to polynomials vector spaces. Here
is a prime example.

Problem 10. Do there exist polynomials a(z), b(z), c(y), d(y) with real coefficients such that
L+ zy +2?y® = a(w)e(y) + b(z)d(y)

holds for all z,y € R?

Basis and Dimension of a Polynomial Vector Space

As you have seen before polynomials with multiple variables can be interpreted within a vector space,
allowing us to apply linear algebra tricks to analyze and manipulate them. Consider a polynomial
in two variables x and y:

p(x,y) = ago + a10z + ao1y + a112y + agex” + agey® + - - .
Each polynomial can be represented as a linear combination of terms x’y? with coefficients aij.

Example. The polynomial p(x,y) = 2 + 3z + 4y + Say can be viewed as a vector of coefficients:

p=1[2 3 4 5.

This is true for any n-variable polynomials in general, as you can check in the next lemma.

Let V be a vector space of n-variable polynomials with a maximum degree k of each variable.
Then
S ={z* ...z | for all permutations (aq,...,a,) of {0,1,...,k}}

is a basis of space V.

Proof. Left as an exercise.

Moreover, we can now derive the following corollary.
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Corollary

If V is a vector space of n-variable polynomials with a maximum degree k of each variable
then
dim(V) = (k+1)"

Degree of a Multivariate Polynomial

Let P be a polynomial in n variables such that
P(zy,...,2,) = Zpi (@Sorage . gain)
i

Then the degree of polynomial P is defined as

deg(P) = max(a1 + ...+ qin)

Exercise. Find the dimension of the vector space of polynomials of two variables of degree at most
m.

Exercise. Generalize the above to polynomials with n variables. That is, find the dimension of a
vector space of polynomials of n variables of degree at most m

Polynomials are a tool for writing into linear algebra more complicated conditions (just like we
did in the problems that considered sets). A common motive in solving following problems will be
to firstly find a specific set of polynomials, then find the dimension of the vector space that we're
dealing with, and finally, apply the Exchange Lemma Corollary to receive a cardinality bound.

Problem 11. Let S be a set of n-tuples of complex numbers (or remainders mod p) and fix K # 0.
If for every two n-tuples (ay,...,a,) and (by,...,b,) in S there is an index ¢ with a; = b; + K, then
prove |S| < 2™.

Problem 12. Let n be a given positive integer. A set S of points in the plane has the following
properties:

e It is not possible to cover all elements of the set S with n lines.
e For any point A € S, the set S\ {A} can be covered by n lines.
Determine the largest possible value of |S|.

Problem 13. Given two real numbers «, 3 and a set of N points in R™ with the property that the
distance between any two of them is either a or 3 prove that

(n+1)(n+2)
2

1 4
< (n+ )2(n+ ))

N <

(Hint: Start by proving the weaker bound N

Problem 14. Let P(x) and Q(z) be arbitrary polynomials with real coefficients, and let d be the
degree of P(z). Assume that P(z) is not the zero polynomial. Prove that there exist polynomials
A(z) and B(z) such that

1. Both A and B have degree at most d/2,
2. At most one of A and B is the zero polynomial,
3. P divides A+ Q- B.

Problem 15 (Multivariable Lagrange interpolation). Let S C Z? be a set of n lattice points. Prove
that there exists a nonzero two-variable polynomial p with real coefficients, of degree at most v/2n,
such that p(x,y) = 0 for every (z,y) € S.
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Problem 16. Let Ay, Ay, ..., A, be distinct subsets of {1,2,...,n}. Let L be the set of numbers
that occur as |A; N A;| for some i # j. Prove that

me (5)+ () -+ (1)

Problem 17. Let p be a prime and S be a subset of {0,1,...,p — 1}. Suppose {41, As,..., A}
are subsets of {1,2,...,n} so that |A;| ¢ S (modp) for all ¢ and |4; N A;| € S (modp) for i # j.

Prove that
m < n n n 4ot n
~\o 1 S|

Problem 18. Let 0 < k < n be positive integers and suppose {41, As,..., A, } are distinct k-
element subsets of {1,2,...,n}. Let T be the set of numbers that occur as |A; N A;| for some 7 # j.

Sh()W that

5. A Closer Look at Matrices

Here we make an extensive use of the following properties.

Matrix Rank Properties

Let A be a n x m matrix with n < m. Then
Av=0

has a nonzero solution Let B be a n x n matrix with det(B) = 0. Then
Bv=0

has a nonzero solution.

Those properties are corollaries of the fact that if the rank, or the dimension of the set of rows, or
the dimension of the set of columns is less than the dimension of v. Then

Av =20
has a nonzero solution.

Problem 19. Let a1,as,...,a2,4+1 be real numbers, such that for any 1 < ¢ < 2n + 1, we can
remove a; and separate the remaining 2n numbers into two groups of n numbers with equal sums.
Show that a; = ag =+ = agpy1.

Problem 20. Show that the complete graph with n vertices, K,,, cannot be covered by fewer than
n — 1 complete bipartite graphs so that each edge of K, is covered exactly once.

Problem 21. A contest with n questions was taken by m contestants. Each question was worth
a certain (positive) number of points, and no partial credits were given. After all the papers have
been graded, it was noticed that by reassigning the scores of the questions, any desired ranking of
the contestants could be achieved. What is the largest possible value of m?

Problem 22. Does there exist a configuration of 22 distinct circles and 22 distinct points on the
plane, such that every circle contains at least 7 points and every point belongs at least to 7 circles?

Problem 23. Let J,, be an m X m matrix with all entries equal to 1, and let I,,, be the m x m
identity matrix. Determine the rank of the matrix J,,, — I, over the field Zs.
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Let A be an n xn matrix, and let I be the n xn identity matrix. We define the characteristic
polynomial of matrix A as
pa(x) = det(zI — A)

and its eigenvalues \q, ..., \, as (possibly complex) roots of the characteristic polynomial.

Trace

The trace of an n x n matrix A is the sum of the elements on its main diagonal. It is denoted
by Tr(A) and defined as:

i=1

Equivalently, Tr(A) is the sum of all eigenvalues of A, taking multiplicities into account.

It is clear that if A is a real number, then it is an eigenvalue of A if and only if there exists a
non-zero vector v such that Av = Av (we call v an eigenvector). This definition does not provide
information about the multiplicity of A and excludes the case of non-real roots. It is easy to see
that the characteristic polynomial of A does not change under the transformation A — CAC™!,
where C' is an invertible matrix. It is also apparent that the coefficient of 2”1 in the characteristic
polynomial is equal to — Tr(A). What is more, of course the determinant of a matrix is the products
of its eigenvalues counting multiplicity

We now proceed to a theorem that is the main focus of any serious course in linear algebra. However,
due to its level of complexity, we present a simplified version here, which is sufficient for our purposes,
without proof.

Simplified Jordan Theorem

Let A be an n X n matrix with eigenvalues Aq, ..., \,. Then there exists a matrix (possibly
complex) C such that C' is invertible, J is upper triangular with the eigenvalues A1, ..., A\,
on the diagonal, and

A=cCcJjc!

In the full formulation, much more is proven about the matrix J than just its upper triangular form.
Since pa(x) = ps(x), it also follows that Tr(A) = Tr(J) = 3.7 ; A;. From the triangular form of J,
it follows that the eigenvalues of the matrix A* are the numbers A¥.

Let A be a symmetric n X n matrix. Then all eigenvalues of A are real.

Graph Adjacency Matrix

A graph G with n vertices can be associated with an adjacency matrix M, having dimensions n X n
and defined by M,, , = 1 if there is an edge from u to v in G, and M,,,, = 0 otherwise. This definition
applies to both directed and undirected graphs, where for undirected graphs, the adjacency matrix is
symmetric. The following exercise provides the simplest example of how to encode certain properties
of a graph using matrix operations.

Exercise. Let G be a directed graph with n vertices (allowing loops and multiple edges) and let M
be the adjacency matrix of G. Prove that (M*),, , is equal to the number of paths of length k from
u to v (we allow repetition of edges and vertices on the path). Deduce that Tr(M¥) is equal to the
number of closed paths of length k in G.

With all this knowledge we can attempt to solve one very difficult problem from the Polish MO.
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Problem 24. Given a graph with n > 2 vertices, k edges, and t triangles, prove that
9t < 2k°.

Problem 25. There are 2007 senators in a senate. Each senator has enemies within the senate.
Prove that there is a non-empty subset K of senators such that for every senator in the senate, the
number of enemies of that senator in the set K is an even number.

Problem 26. Each square of a (2" —1) x (2" —1) board contains either 1 or —1. Such an arrangement
is called successful if each number is the product of its neighbors. Find the number of successful
arrangements.

Advanced techniques

Null Space

The null space (or kernel) of a matrix A, denoted null(A4), is the set

null(4) = {v: Av =0}

Image
The image (or range) of a matrix A, denoted im(A), is the set

im(T)={Av:v eV}

Orthogonal Complement
The orthogonal complement of a set S, denoted S=, is the set
St={weV:(w,v)=0foralvesS}

In other words, the orthogonal complement is the set of all vectors which are perpendicular
(that is - their dot product is zero) to all elements of S.

Fundamental Theorem of Symmetric Matrices

For a symmetric matrix A
im(A) = (null(A4))*

An interesting fact which we state without proof that for all subspaces V: dim V + dim V+ = n,
where n is the dimension of the original space. With those definitions we shall examine the following
lemma.

Let A € F3*" be a symmetric matrix. Then
diag(A) € im(A)

Where diag(A) is the vector made out of the main diagonal of A.

Proof. From the facts stated above we know that
im(A) = (null(A))*

Therefore we shall prove
diag(A) € (null(4))*

This is equivalent to proving that for each v such that Av = 0 it holds
(diag(4),v) = 0
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This follows since

0= VJ'AV = Z Ai5V;05 = Z (11'71‘11142 +2 Z Ai5V;05 = <d1ag(A), V> O
i=1

i, i<j
All this knowledge is sufficient to solve the following difficult problem.

Problem 27. Let G be a finite simple graph, and there is a light bulb at each vertex of G. Initially,
all the lights are off. Each step we are allowed to chose a vertex and toggle the light at that vertex
as well as all its neighbors’. Show that we can get all the lights to be on at the same time.

Problem 28. Given a positive integer n, a collection S of n — 2 unordered triples of integers in
{1,2,...,n} is n-admissible if for each 1 < k < n—2 and each choice of k distinct Ay, As,..., Ax € S
we have

[AyUAs U---UAg| > k+ 2.

Is it true that for all n > 3 and for each n-admissible collection S, there exist pairwise distinct points
Py, P,,..., P, in the plane such that the angles of the triangle P;P; P} are all less than 61° for any
triple {4, j,k} € S?
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Sources and Links to Solutions

[1] For problems 1-6 see this blog.

[2] For problem 26 see AOPS.

[3] For the other matrices problems see this handout and this blog.

[4] For problem 10 see this handout.

[6] For problem 11 and twelve see page 156 of this book

[6] For problems 11 and 13 see this brochure under the section Consider the Polynomial.
[7] For problems 16, 17 and 18 see this paper.

[8] For problem 28 check this AOPS post.
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https://gowers.wordpress.com/2008/07/31/dimension-arguments-in-combinatorics/?fbclid=IwY2xjawGXSItleHRuA2FlbQIxMAABHUAGGRa1LHFyf_aT3DmgFzP7izj9ACCyzmbEeymZgAdHCvOg9xMqh3E0Dg_aem_sUhDsrw44l6j6LzKN9RSag
https://artofproblemsolving.com/community/c6h514558p2891012?fbclid=IwY2xjawGXSTJleHRuA2FlbQIxMAABHd6ubRmmLm9sEkzXj9ohJimK7nrds-OCi1XN9wvwKtaynMQaMbDCSfBAkA_aem_B4LeUaSpmwLiihmUbRsfXg
https://yufeizhao.com/olympiad/algcomb.pdf
https://artofproblemsolving.com/community/c3735646h3347837_linear_algebra_method_in_combinatorics?fbclid=IwY2xjawGXSStleHRuA2FlbQIxMAABHQbef_DXSq4783zjrTAB-VLLlgrELjEmYUXEaZcR-iy73QwEFh5lPm1_yA_aem_SJG8HYPgnd13fb4c1Ut6MQ
https://yufeizhao.com/olympiad/putnam_linear_algebra.pdf
https://web.evanchen.cc/napkin.html
https://mathsbeyondlimits.eu/wp-content/uploads/2023/11/Brochure_2022.pdf
https://web.math.princeton.edu/~nalon/PDFS/suzuki1.pdf
https://artofproblemsolving.com/community/c6h3266696p30041370

